Abstract. In this article, we prove that the Koszul Betti numbers are bounded above by the Koszul Betti numbers of the associated lexsegment ideal of any graded ideal in a polynomial ring over a field of positive characteristic. We also prove that the equality holds in the above case if and only if the ideal is a Gotzmann ideal.
Introduction
Let K be a field of positive characteristic and S = K[x 1 , . . . , x n ]. For a graded S-module M, let M j denote the degree j component of M. Let I ⊂ K[x 1 , . . . , x n ] be a graded ideal. The Betti numbers and the graded Betti numbers of S/I are defined to be: Let I ⊂ S be a graded ideal. There are two important monomial ideals associated with a graded ideal in S, namely the generic initial ideal and the lexsegment ideal. Let GL n (K) denote the set of all invertible n × n matrices over K. Bayer and Stillman showed that there exists a non-empty Zariski open subset U of GL n (K) such that in τ (g(I)) = in τ (h(I)) for all g, h ∈ U, where τ denote a term order on S. The generic initial ideal with respect to τ is defined to be Gin τ (I) := in τ (g(I)) for any g ∈ U. In this article we will be considering the generic initial ideals with respect to the reverse lexicographic order with the ordering on the variable x 1 > x 2 > · · · > x n and denote it by Gin(I). For the vector space I d of homogeneous polynomials in I of degree d, Lex(I d ) denote the vector space generated by the largest in the lexicographic order, dim I d monomials of degree d. We set Lex(I) = ⊕ d Lex(I d ). Note that Lex(I) is an ideal which depends only on the Hilbert function of I.
It can be seen that for a homogeneous ideal I in S, β ij (R/I) ≤ β ij (R/ in τ (I)) for any monomial order τ . A similar inequality holds for the lexsegment ideals too, β ij (R/I) ≤ β ij (R/ Lex(I)). This was proved in characteristic 0 independently by Bigatti [3] and Hulett [9] and extended to the positive characteristic by Pardue [10] . Aramova, Herzog and Hibi, in [2] , proved that β ij (R/I) = β ij (R/ Gin(I)) if and only if the ideal is componentwise linear. Herzog and Hibi, in [8] showed that β ij (R/I) = β ij (R/ Lex(I)) if and only if the ideal is Gotzmann.
In [6] , Conca introduced the notion of Koszul Betti numbers (see Definition 2.1) and generalized the above inequalities to the case of Koszul Betti numbers. He showed that β ijp (S/I) ≤ β ijp (S/ Gin τ (I)) (over any field) and β ijp (S/I) ≤ β ijp (S/ Lex(I)) (over a field of characteristic 0). He showed that equality in the first case is equivalent to the ideal being componentwise linear and the equality in the second case is equivalent to the ideal being Gotzmann. He raised the question whether the second inequality is true in the case of positive characteristic [6, Question 6.2] . In this article we answer this question affirmatively (Theorem 3.1) by using the polarization technique developed by Pardue in [10] . We also characterize the equality in this case. The paper is organized in the following manner. We set up the notation and recall some of the necessary results in the second section. Main results are proved in the third section.
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Notation
In this section we set up some notation and recall some preliminary facts. Let K denote a field of characteristic p > 0 and S = K[x 1 , . . . , x n ]. Throughout the paper, we consider term orders τ such that
Definition 2.1. Let M be a graded S-module. For a generic sequence of linear forms y 1 , y 2 , . . . , y n in S we define the Koszul Betti numbers of M as
Note that β ijn (S/I)'s are the ordinary graded Betti numbers of S/I for the variables.
be the polynomial ring with indeterminates z ij , where 1 ≤ i ≤ n and 1 ≤ j ≤ J, J is sufficiently large. Let π : P −→ S be the map defined by π(z ij ) = x i . For a monomial ideal I in P , we define I (p) , the polarization of I, to be the monomial ideal in P generated by
Note that π(I (p) ) = I and that I (p) is a radical monomial ideal. and also a regular sequence over P . For more general definitions and properties of polarization, the maps φ and σ L , we refer the reader to [10] and [11] . (2) For a monomial u with exponent vector a = (a 1 , . . . , a n ) one defines max(u) = max{i : a i > 0}. For a set of monomials A and for i = 1, . . . , n set
If I is either a vector space generated by monomials of the same degree or a monomial ideal, then we set
where G is the set of the minimal monomial (vector space or ideal) generators of I.
Results
In this section we prove our main results. Proof. Since β ijp (S/I) ≤ β ijp (S/ Gin(I)) and I, Lex(I) and Gin(I) have the same Hilbert function, we may assume I is a monomial ideal. By [10, Corollary 15], we have the isomorphisms of P -modules:
By Proposition 2.6, it is enough to prove,
We may choose γ generic in U such that Gin(σ L (I (p) )) = φ(I).
Claim:
Since ker(σ L ) is generated by a P/I (p) -regular sequence which is also a Pregular sequence, the map σ L is a flat extension of rings. Let w 1 , . . . , w n be a generic regular sequence of linear forms over P. Because σ L is flat, from [4, Proposition 1.1.2] we have σ L (w 1 ), . . . , σ L (w n ) is a regular sequence of linear forms over S. Set y i = σ L (w i ). Then, for i ≥ 0 and 1 ≤ p ≤ n, we have the following isomorphisms:
Moreover, since ker(σ L ) is generated by a P -regular sequence, we have
Hence, we have
) have the same Hilbert function. This proves the claim. If σ L = π, then from the claim we have the Koszul Betti numbers of S/I and S/σ L (I (p) ) are same as that of P/I (p) . Therefore,
This completes the proof.
Now we characterize the equality in the above theorem. For that we require to set the notion of Componentwise linear and Gotzmann ideals.
For a graded ideal I ⊂ S, let I <j> denote the ideal generated by the j-th component, I j of I. A graded ideal I in S is said to be componentwise linear if each I <j> the ideal generated by the degree j component of I has a linear resolution. For more results on componentwise linear ideals, we refer the reader to [8] .
Let m = (x 1 , . . . , x n ) ⊂ S denote the unique graded maximal ideal of S. We define a graded ideal I in S generated in degree q is Gotzmann if the number of generators of mI is the smallest possible, namely equal to the number of generators of m Lex(I). A graded ideal I of S is said to be Gotzmann if each I <q> is Gotzmann. Note that Gotzmann ideals are componentwise linear. Now we recall some formulas for graded Betti numbers proved by Aramova and Herzog and restated for Koszul Betti numbers by Conca in [6] . Though Conca stated the result for Borel-fixed ideals, which are stable over characteristic zero fields, the results hold true for all stable ideals in arbitrary characteristic. For the proofs, we refer the reader to [6] and [1] . 
It is known that equality of (graded/Koszul) Betti numbers do not imply that the ideal is componentwise linear when the base field is of positive characteristic (cf. Example 3.6). We show that the reverse implication is true. The proof is essentially contained in the proof Theorem 4.5 of [6] . Proof. Since I is componentwise linear, by Lemma 1.4 in [7] , Gin(I) is stable. Therefore the implications, (iii) ⇒ (iv) and (iv) ⇒ (i) of Theorem 4.5 of [6] hold true. Hence I and Gin(I) have the same Koszul Betti numbers. 
